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Sequential Confidence Intervals For The Exponential Hazard Rate

by
Junvie M. Pailden and Daisy Lou L. Polestico

ABSTRACT
Let X1; X2... be independent and identically distributed random variables from an
exponential distribution with unknown scale parameter @ < (U,>}. Given d > 0 and
« € (0,1}, we construct confidence intervals I, for the hazard rate f = 1/7. with length 2d

and coverage probability ! —®, based on random samples of size n from the exponential
population. Since @ is unknown, then it is known that no best fixed sample size
procedure can be used to estimate the unknown hazard rate. Thus, we propose a fully
sequential procedure to estimate the optimum sample size n* and consequently, the
hazard rate #*. The proposed stopping rule is motivated by finding the sample size so
that the coverage probability of the sequential confidence intervals is at least | — @ that
is, Pi0 € I.) = 1 —a_|n this paper, we derive first-order approximations of the expected
sample size and improves the procedure by developing second-order expansions of the
rate of convergence of the coverage probability.

I. Introduction

Sequential estimation refers to techniques for estimating parameters when the sample size
is not fixed in advance but is determined during the course of the experiment by some criteria
which depend on the observations as they occur. This criterion is often called the stopping rule
and means that sampling is continued until this criterion is satisfied. In a seminal paper, Chow
and Robbins [2] proposed a fully sequential procedure in finding a confidence interval of
prescribed width and prescribed coverage probability when the underlying distribution function is
fixed but unknown. They showed that their proposed sequential procedure is asymptotically
consistent and asymptotically efficient, which are desirable properties in any experiment. These
salient properties have attracted many researchers in the field and since then substantial
attention have been placed in improving fully sequential procedures. In a recent paper, Lim et
al. [3] proposed a fully sequential procedure in constructing confidence intervals for functions of
two unknown exponential scale parameters. They have been successful in showing the
asymptotic consistency of the procedure and obtained a second-order approximation of the
expected sample size. In this present paper, we shall simplify the results in [3] to the one-
sample case and consider the estimation of the exponential hazard rate which is the reciprocal
of the exponential scale parameter.



The exponential distribution is often used to model the time between independent events
that happen at a constant average rate. In application, the exponential distribution can be used
to model lifetimes of various practical situations including but not limited to lengths of time
between successive catastrophic events (floods, earthquakes and so on) and lengths of time
between emergency arrivals at a hospital, to cite a few. The hazard rate is defined as the
inverse of the mean time between independent events.

Let X, X,,... be independent and identically distributed random variables having an
exponential distribution with probability density function given as

X 0

fs (X) :Siexpg? S—g X >0,

where the scale parameter s > 0 is unknown. Let us consider the exponential hazard rate S ~ L

Taking a random sample Xj, X5,..., X;,, let X,, denote the sample mean. Our goal is to
1 —

estimate s~ by its natural estimator Xr']l and to find a confidence interval

I, = Y;,l- d, Z}l +d| for st of prescribed confidence coefficient 1- a , and length 2d,

where d >0 and O<a <1. It is known that no best fixed sample size procedure exists in

constructing confidence intervals of prescribed length 2d . Throughout, we shall assume that Z

denotes a standard normal random variable and ' %%® ", ' ¥%F®" and ' % 3§:®" stands for

convergence in distribution, convergence in probability and almost sure convergence,
respectively.

The following result gives the asymptotic distribution of Jn ( Yr}l -s’ 1) :

Theorem 1.1. Let X4, X,,..., X, be independent and identically distributed random variables

from an exponential distribution with scale parameter s >0. Then
In(X;t-s H%%h@ N(Os 2) as n® ¥ .
Proof: Let h(X,)=(X,) . By Taylor's Expansion of h around s ,

X1 =h(X,) =h(s) +hds (X, - s)+§h@n)(fn -s)?

=s 1. s°2(X,-s)+n"3(X, - s)?

where n is a random variable lying between Yn and s .



Let D, =</n(X,, - s)/s and R, =n"3(X,, - s)2. We then have
In(X;t-s H=-s b, +/nR,. (1.1)
First, let us consider the second term «/ﬁRn. By the Strong Law of Large Numbers,

|Xn - s|%%® 0as n® ¥ . Thus,

JnR, %%:® 0 as n® ¥ .

By the Central Limit Theorem, D, v9® Z as n® ¥. Let f(x)=-s 'l(x). Since f is

continuous, it follows that
f(D,)%%®f(Z) as n® ¥,
where f (Z) is a normal random variable with mean 0 and variance s - 2, Together, we have

Jn(X:t- s H)uh® N(Os ) as n® ¥. !
Il. Fixed Width Confidence Interval

Let h(x) be a positive, real-valued and three-times continuously differentiable finction
defined by h(x) = x 1. We estimate h(s)=s L py Xﬁl and construct a confidence interval

I, = Y;,l - d, Z}l +d|. To illustrate the construction, we choose a standard normal variate
a=a, >0 suchthat F(a)=1-a /2, where F is the standard normal distribution function.

Set

n = . (2.2)

Now, the coverage probability for s ~ !

Pl 1T 1, )= Pﬂi,;l- s ‘1‘£d}

= P{«/ﬁs‘)?,;l- s '1‘£d«/ﬁs}.

with |, as the confidence interval is given by

Then forall n 3 n*,

P{s’lT In}3 P{«/ﬁs‘f,}l-s'l‘ﬁa}»l-a, (2.2)



for sufficiently large n". In the language of Chow and Robbins [2], we say that n" is the optimal

sample size which satisfies (2.2). Observe thatas d ® 0, n®Y¥.

I1l. Main Results

In this section, we will propose a stopping rule used as an estimate of the optimum

sample size used in constructing the confidence interval |, = Z;l- d,Yr',l+d for the

exponential hazard rate, s~ ! Recall from the previous section that n" is the optimum sample
size needed in estimating |, with coverage probability of at least 1- a. Now, since s is
unknown, n” is also unknown. Takada [4] pointed out that fixed sample size procedures are not
available for scale families. To circumvent this problem we propose a sequential procedure in
estimating |, . We thus propose the following stopping rule:

a® il
dzfnz%’ (3.1)

Ng =inf}_n3 m:n3

where m 3 2 is the initial sample size.

Theorem 3.1. Let n  and Ny be defined as in (2.1) and (3.1), respectively. Then the

following statements hold:
()  P{Ng<¥}=1 foreach d>0;

(ii) Ng %%%:® +¥ as d® 0;and

(iii) No 5 8501 as d® 0.

*

n

Definition 3.2. A sequence <Yn> n3 1, of random variables is said to be uniformly continuous

in probability (u.c.i.p.) if and only if for every e > Q0 there isa d >0 for which

I u "
Lo e Yol e, T n



Definition 3.3. A sequence (Y,), n2 1, of random variables is said to be stochastically

bounded if and only if for every e >0 there isa C > 0 for which

P{v,/>Cl<e, " ns1.

The following theorem gives the asymptotic distribution of 1/Nd (YNj -S '1), which is

needed in showing the asymptotic consistency of the proposed sequential procedure.

Theorem 3.4. Let Ny be defined asin (3.1). As d ® O,

M(Y,‘uj -s Yudo Nlos ).
Proof: From (1.1), we have

‘/ﬁ(yﬁl's_l):'s_an""/ﬁRn’
where D, :«/ﬁ(fn- s)/s, f is a linear function f(x)=-s Ix, xI (0+¥), and
R, =n '3()7” -s )2, n is a random variable lying between X, and s .

By the Central Limit Theorem, D, %34® Z . From Example 1.8 of Woodroofe [6], D,, is

u.c.i.p. and stochastically bounded. Since f is continuous, it follows from Lemma 1.4 of

Woodroofe [6] that f (Dn) is u.c.i.p.. Further, since f(Dn)3‘/494® f(Z) as n® ¥, Theorem
3.1 (iii) and Theorem 1.4 of Woodroofe [6] imply that

f[Dy, ) %@t (z) asd ® 0,
where f (Z) is normally distributed with mean 0 and variance s "2 From Theorem 3.1 (i),

Ny ® ¥ as d ® 0. Thus, by the Strong Law of Large Numbers |YNd -s | ¥%99:® 0. As a
result, /Ny Ry, ¥%%® 0 as d ® 0. Consequently,

M(Y&j-s'l)%%@f(z) as d® 0. |

The following theorem establishes the asymptotic consistency of the sequential

procedure.



Theorem 3.5. (Asymptotic Consistency) Let Ny be defined as in (3.1). Then,

fim Pls 21 Iy, =1-a.

Proof: Let Z4 = \/E()T,;,i -S’ l)/s . By Theorem 3.1 (i) we are assured that N is finite;

and write
-17% — v -1 -1
Pk 11 |Nd}-Pﬂde - ‘Ed}

:Pﬂzd|£d Nds}.

To prove our assertion, we proceed in the following manner. First we show that
imi -17 31.
liminfye o P{s I INd} 1-a,

and then

limsup 46 P{s 1 INd}El- a.
_— . 3 -1
From the definition of Ny in (3.1), we have dJNds asXNd and
Pl 1T 1y, 1° Plzg|EasKilfe Ag. say.
Now, for any fixed el (0,1),
Ag = Pﬂz |£asX ! ‘sf'l - 4£e}+P“Z | £asX }sf'l - # >e}
d Ng’ Ny d Ng’ Ny
71 -1 71
£ Pﬂzd| £asXil X! - 12 e}+ Pl - 1> e}
£P{zy| £ a1+ )b+ PIsX; ! - 4>e,
since sf,;li £1+e. By the Strong Law of Large Numbers, X, %%%:® s as d ® 0. Hence,
sXy, ¥%®1las d ® 0 and
lim P{jsf,;ll - 4 >e}:0.
e®0 d
Now, by Theorem 3.4, Z,4 %$®Z as d® 0, Thus, letting d ® 0 and taking e ® 0 we

have limsup 4o Aq £1- a . Similarly, we have



Aq :P{[Zd|£asf,‘\,i,}sf,'\,§ - 4£e}- Pﬂsf&ni - ]Fe}
+ Pﬂzd|£asf,'\,i,}sf,'\,i -]4>e}+Pﬂs>7,ijld - ﬂ>e}
3 P{|Zd| £a(l- e)}- Pﬂsf&ﬁ - 1\>e}'

since 1- e £ sf&j . Hence, taking e ® 0 we get Ii(gniano| 31-a and OIIim Ay =1-a.As
®0 ®0

aresult, liminf P{s'1T In }3 1-a.
d® o ¢

Now, observe that
2

a
Ng - 1<——
272
d XNd_l
d-/N.s 2 22
d° < _52 +dz ° Ky, Ssay,
a XNd-l a

forall Ny >m. Now, forany el (0,1),

Pls 1T 1} = P{za| £ d¥Ns, N >m}+P{zy|£ dNs, N = m}
£P{zg|£axy, kg - 1£e}+P{zy| Eaxky, kg - 4 <e}+P{Ng =m}
£P{zq| £ a@+e)}+Plkq - §<e}+P{Ng =m},

since kq £1+e.

i 2 0
Observe that P{N, = m}=Pjm 3 a_z g@ P{m3 ¥} =0, asd ® 0. Also, by the Strong

7 d?Xm
Law of Large Numbers, YN(, ¥%99:®s as d® 0, sothat ky ® 1 as d ® 0. Finally, by
Theorem 3.4, Z4 ¥$Hh®Z asd® 0. Thus, letting d ® 0 and taking € ® 0, it follows that
Iimsupd®OP{s'1T INd}£ 1- a.

Therefore, lim Pis 11 Iy (=1- a. !
d® 0 { Nd} !

Let f be a real-valued function defined by f(x) = xz/s 2 Let Z, =nf(X,). From (2.1)
and (3.1), we have Z, 3 n". Hence, we can rewrite (3.1) as

Ng :inf{n 3m:Z, 3 n*}. (3.2)



Now, by taking the Taylor's Expansion of f(fn) around s , we obtain

t(X,)=f6 ) +fes )X, - s)+%f¢(h)()7n -s )

.2
-S

&X, - S
+
s

=1+ Zg)?”s

Q-l-I-O:
Q-l-I-O

where h is a random variable lying between Yn and s .Thus, Z, can be written as
Z,=n+25, +X,,

where
2

&X, -
n”S (3.3)
S

[CHEHe:

5
S,=n = and X, =n
S o

Lemma 3.6. Suppose S,, and ?,, are defined as in (3.3) above. Then

« S
Sn:T:]

both holding as n ® ¥ , where x has a chi-square distribution with 1 degree of freedom.

Y$H® Z and X, 5@ X,

The results used in the proof of the next theorem, which gives us the expected sample
size resulting from the proposed sequential procedure, are taken from the results of Aras and
Woodroofe [1]. We use the expected sample size given below as an estimate of the unknown

optimum sample size n'.

Theorem 3.7. Let Ny be defined as in (3.1), then
E(Ng)=n"+r -1+0(1) as d® 0,

where n” is defined as in (2.1) and r satisfies 0< ? <5/2.

Proof: Our aim is to check conditions (C1)-(C6) of Aras and Woodroofe [1]. To start with, let
Y, =(X, -s)/s , n3 1. Note that we can write Z, in (3.2-3.3)as Z, =nXz2/s 2 =ng(Y,),
where g(x)=(s +sx)?/s 2. Clearly (C1) holds since E(Yl): 0, Eb(lz)£1<¥ , and

E(2v?)=16<¥ . since g is convex and Efg(Yp)}*| =E(X,/s)® =720<¥ , (C2) and (C3)



now follows from Proposition 5 of Aras and Woodroofe [1]. Finally, note that g(0)=1,
g(0)=2,and g is twice continuously differentiable from which (C4), (C5), and (C6) follows

from Proposition 4 of Aras and Woodroofe [1]. Moreover, from Corollary 2.7 of Woodroofe [6],

5 &1 { }
r—E-iﬁE(mzsn)

where X~ =max( - x,0). Therefore, from Theorem 1 of Aras and Woodroofe [1], we have

E(Ng)=n"+r -1+0(1) as d® 0. !

IV. Simulation Results

In this section we consider simulation results of the proposed fully sequential procedure.
Specifically, we will illustrate that the proposed sequential procedure possess the properties
derived in Theorem 3.1, Theorem 3.5, and Theorem 3.7. As an example, consider the special
case when the likelihood of hazard (failure) of a certain component remains constant with
respect to time (for example, in some product like a brick or protected steel beam); the hazard
rate is simply the inverse of the mean time between hazards. Assume that for this component,

the mean time between hazards follows an exponential distribution with unknown scale

parameter s >0, then the hazard rate is given by S~ 1 One aim is to estimate the hazard rate

1

and thus find a confidence interval for s ~~ with some pre-specified length 2d > 0. We consider

the stopping rule Ny in (3.1) in constructing sequential confidence intervals

I, = Y,;ldl - d, Y,'\Idl +d| for s 1. We shall give simulation results for the case when s =2

and with level of confidence a = 0.05 . The following results are based on 10,000 repetitions.

Table 4.1 Simulation Results Using Ny

n’ 20 100 200 500 1000

d 0.2191 0.0980 0.0693 0.0438 0.0310
E(Ng) 21.8898 101.3951 201.4857 | 501.2788 1011.03
E(NOl In ) 1.0945 1.0140 1.0074 1.0026 1.0011
E(X, ) 2.1421 2.0384 2.0186 2.0077 2.0039




E(Y,gj) 0.4875 0.4960 0.4981 0.4991 0.4995
‘E()?,{lj)- s '1‘ 0.0125 0.0040 0.0019 0.0009 0.0005
P(s Ty, ) 0.9820 0.9476 0.9451 0.9470 0.9522

Table 4.1 seems to show that N, YNd , and Yl'\ll are unbiased estimators of n*, s ,
d

and s "1, respectively. Notice also that Ny / n’ converges to 1 which confirms the asymptotic

efficiency of the sequential procedure. Finally, note that the coverage probability P(s 19 INd)

converges to 1- a = 0.95, showing that the sequential confidence intervals are asymptotically

consistent. Together, these properties suffice that of a fully sequential procedure.
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